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Abstract
We explore a connection between theory of semi-dispersing billiards on smooth Riemannian
manifolds and non-regular Riemannian geometry. We construct geometric models of such billiards
and use these models to obtain a uniform estimate on the number of collisions in a non-degenerate
semi-dispersing billiard.  2002 Elsevier Science B.V. All rights reserved.
Keywords: Semidispersing billiard; Alexandrov geometry; Nonpositive curvature; Hard ball gas;
Particle systems
1. Introduction
Consider a billiard in a Riemannian manifold, that is, a particle moving freely along
its geodesic until it encounters one of the fixed submanifolds of codimension one (known
simply as walls of the billiard). Then the particle reflects elastically from the wall; such
an event is known as a collision in the billiard. The number of collisions that a billiard
trajectory may undergo for a small period of time (i.e., locally) or for the whole time
(globally) appear to be related to the various dynamical properties of the billiard (see, for
instance, [11,21,9,7]). On the other hand, from the point of view of the statistical physics,
one of the most important examples of a billiard is the hard ball gas model. The uniform
estimates on the number of collisions possible in such a system have been studied for more
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than thirty years, in particular, because of their importance for proper generalization of the
Boltzmann equation (cf. [26,17]).
It is quite obvious that if the boundary of the billiard has any concave parts then a
trajectory can have arbitrarily many collisions in a neighborhood of a “point of concavity”,
and sometimes even infinitely many collisions (see, for example, [27]). Therefore, the class
of billiards for which uniform estimates may be obtained are the semi-dispersing billiards,
that have been studied extensively in numerous works (see a review in [23]).
Vaserstein [27] and Gal’perin [12] proved that in semi-dispersing billiards any trajectory
makes only finitely many collisions in any finite period of time.
Sinai [22] proved the existence of a uniform estimate for billiards inside polyhedral
angles, and pointed out that his results should also hold for semi-dispersing billiards in a
neighborhood of a point x with linearly independent normals to the “walls” of the billiard
at x (see the remark at the end of [22]).
In this paper, we prove first that for semi-dispersing billiards on arbitrary manifolds any
trajectory makes only a finite number of collisions during a finite period of time. Then we
establish local uniform estimates on the number of collisions for such billiards under a
mild non-degeneracy condition. We also give effective estimates on the maximal number
of collisions and the size of the neighborhood in which they may occur in terms of the
non-degeneracy constant and some geometric properties of the manifold.
Some non-degeneracy condition is necessary to prohibit obvious counterexamples. One
that we introduce in Section 2 is likely to be not only sufficient but also necessary for the
existence of a uniform estimate. In particular, our condition is always satisfied for a system
of hard balls in empty space for which other more “natural” conditions, as, for example,
the condition on the normals to the walls to be in the general position, are known to fail.
The estimate on the number of collision we obtain in Section 5 is in fact global for a
billiard in every Euclidean space as well as in a torus. However, the argument as it is can
not be applied to a space with negative sectional curvature inside and in order to obtain
global uniform estimates on the number of collision for a billiard in a (curved) angle,
Theorem 3, we will have to refine our technique and not only use Theorem 2 in the proof
of Theorem 3, but also invent a different geometric model for the billiard.
As an application of Theorem 3, we consider systems of hard balls in an arbitrary empty
space of non-positive curvature. Finiteness of the number of collisions in such a system
has been known for a long time (due to Vaserstein [27] and Gal’perin [12] and also, much
later, an alternative proof by Illner [16]). However, uniform estimates on the number of
collisions were known only for the following two very specific systems. The first one is a
system of three identical balls in three-dimensional Euclidean space. After Thurston and
Sandri discovered in [26] a system of three balls making four collisions, it was conjectured
in 1964 by Sandri et al. in [19] that four is the maximal number of collisions possible.
However, a rigorous proof of the statement was published only in 1993 by T.J. Murphy
and E.G.D. Cohen, see [17]. The other known uniform estimate is for a system of particles
(balls of zero radii) on a line obtained by Gal’perin [12]; an alternative proof may also be
found in [20]. We establish a global uniform estimate on the maximal possible number of
collisions, in the infinite time interval (−∞,∞), for an arbitrary hard ball system in empty
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Riemannian space of non-positive curvature (Euclidean space, of course, is included), in
terms of the masses and the number of balls only.
Although we deal with “dynamical” and “billiard” types of problems, our methods are
purely geometrical. In the following section we prepare all the tools necessary to carry out
the approach.
2. Notation and definitions
Let M be complete C2 Riemannian manifold without boundary, maximal sectional
curvature of which is not greater than K and with the injectivity radius ρ > 0. Consider a
collection of n geodesically convex subsets (walls) Bi ⊂M, i = 1, . . . , n, of M , such that
their boundaries are C1 submanifolds of codimension one. Let B =M \ (⋃ni=1 Int(Bi)),
where Int(Bi) denotes the interior of the set Bi. The set B ⊂M will be called a billiard
table.
Consider now a particle that moves inside the setB with unit speed along a geodesic until
it reaches one of the sets Bi (such an event is called a collision) where it reflects according
to the law “the angle of incidence is equal to the angle of reflection”. If it reaches one of
the sets Bi ∩Bj , i = j, the trajectory is not defined after that moment.
A semi-dispersing billiard flow {T t }∞t=−∞ acts on a certain subset T˜B of the unit tangent
bundle to B. To be more precise, T˜B consists of such points (x, v) ∈ TM, x ∈B, v ∈ TxM,
with the vector v directed inside of B, and such that the trajectory of particle with
initial coordinates (x, v) is defined for all t ∈ (−∞,∞). Then by definition, T t (x, v) =
(x(t), v(t)) where x(t), v(t) are, correspondingly, coordinate and velocity of the particle
at the time t . In fact, our first result, Theorem 1 shows that the only points one has to
exclude from the unit tangent bundle are only the points whose trajectories intersect some
Bi ∩ Bj , i = j. In particular, it implies that the set T˜B is generic and has full Liouville
measure.
Definition 2.1. A triple {M, {Bi}ni=1, T t : T˜B × (−∞,∞) → T˜B} is called a semi-
dispersing billiard (on a Riemannian manifold M, with n walls {Bi}ni=1).
Sometimes, when it shall not lead to a confusion, we will use the same notation for a
billiard and its billiard table.
For any two points X, Y of a trajectory T we will denote the piece of the trajectory
between X and Y by T (X,Y ) and its length by |T (X,Y )|. By a combinatorial class of a
trajectory T (X,Y ) we mean the sequence Bi1 , . . . ,Bik of the walls which it encounters,
taken in the order of visiting. We say that a curve σ(t), σ (0) = X, σ(1) = Y has the
same combinatorial class as T (X,Y ) if it visits the same bodies Bij as does T (X,Y ) in
the same order, i.e., there are 0  t1  t2  · · ·  tk  1 with σ(tj ) ∈ Bij . Note that the
inequalities are not strict, so rather than visiting Bi and then Bj the curve σ(t) may visit
their intersection Bi ∩ Bj instead. For example, any curve between X and Y visiting the
intersection of all Bi has the same combinatorial class as any trajectory between X and Y .
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Next, we introduce the following non-degeneracy condition for a semi-dispersing
billiard.
Definition 2.2. A billiard B is non-degenerate in a subset U ⊂ M (with a constant
C > 0), if ⋂i∈I Bi = ∅, where I = {i | Bi ∩ U = ∅}, and for every I ⊂ I and every
y ∈ (U ∩B) \ (⋂j∈I Bj ),
dist(y,
⋂
j∈I Bj )
maxk∈I dist(y,Bk)
 C.
A billiard B is called non-degenerate at a point x ∈ B with constant C if it is non-
degenerate in a neighborhood of x with the same constant, and locally non-degenerate
with constant C if it is non-degenerate at every point with constant C.
We will say that B is non-degenerate if there exist δ > 0 and C > 0 such that B is
non-degenerate, with constant C, in any δ-ball.
Roughly speaking, the condition means that if a point is d-close to all the walls from I
then it is Cd-close to their intersection. In such form, it is very easy to verify it in many
important cases, including the hard ball gas models. However, in order to acquire some
geometric insight, we notice that the condition is equivalent to the following geometric
property: there exists a positive r such that, at every point, the unit tangent cone to B
(which is a subset of the unit sphere in the tangent space to M) contains a ball of radius r .
For flat M this means that every point of B is a vertex of a round cone of radius r which
entirely belongs to B in some neighborhood of its vertex. As far as we know, this condition
was first formulated by Sinai. For compact billiard tables, these definitions can also be
reformulated in the following way: the operations of taking tangent cone and intersection
commute for any collection of the compliments to the walls Bi . For non-compact tables,
however, this definition guarantees the non-degeneracy at all points, but the constant C
may deteriorate and have no positive lower bound.
Finally, we notice that the following explicit expression for the non-degeneracy constant
of a billiard follows directly from the Definition 2.2:
C = d
dt
dist
(
n⋃
i=1
Bi,B
t
)∣∣∣∣
t=0
,
where Bt =M \⋃ni=1 Bti , Bti is t-neighborhood of the set Bi in M and dist is Hausdorff
distance between subsets of M.
Now, for reader’s convenience, we would like to remind basic definitions and facts from
the non-regular Riemannian geometry.
Consider an arbitrary geodesic space (X,d) and denote by SK the simply connected
complete smooth surface of constant curvature K. Let T = ABC be a triangle (that is,
points A,B,C ∈X connected by the shortest AB,AC,BC) in X, perimeter of which is less
than 2π/
√
K. Its comparison triangle T K = AKBKCK ⊂ SK is a triangle with the same
lengths of sides in SK (which always exists).
Let us define the angle between two shortest AO,BO ∈ X. For every a ∈ AO, b ∈ BO
(here a is in between A and O and b is in between B and O) denote via γK(a, b)
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the angle  aKOKbK in the comparison triangle aKOKbK ⊂ SK. Then the upper limit
lim supa,b→O γK(a, b) does not depend on the choice of K and is called the (upper) angle
 AOB=  BOA between AO and BO.
A number
δK(ABC) =  BAC+  ABC +  ACB
− (  BKAKCK +  AKBKCK +  AKCKBK)
is called K-excess of a triangle ABC ⊂X.
We are ready now to introduce a concept of a space with curvature bounded from above
by some number K .
Definition 2.3. A domainRK is a geodesic metric space, such that every triangle in it has a
non-positive K-excess, and if K > 0, perimeter of every triangle in it is less than 2π/
√
K.
A domain PK is a geodesic metric space, such that for every triangle in it with perimeter
less than 2π/
√
K, K-excess of the triangle is non-positive.
A space of curvature less than or equal to K is a metric space, every point of which is
contained in a neighborhood which is RK.
A space of curvature less than or equal to zero is called a space of non-positive curvature.
Notice that for K  0 there is no difference between RK and PK.
Alexandrov and his collaborators made a number of observations that expose the deep
analogy between these “non-regular” and the usual Riemannian spaces with the same
curvature bounds (cf. [1–4]). Among them: any two points of RK may be joined by
the unique shortest curve; every simply connected space of non-positive curvature is P0
(and, therefore, R0) and the famous Alexandrov Comparison Theorem: upper angles of an
arbitrary triangle T in RK are not greater than the corresponding angles of its comparison
triangle T K ⊂ SK.
The following Theorem due to Yu.G. Reshetnyak, is a cornerstone of our constructions
of model spaces for semi-dispersing billiards:
Reshetnyak’s Gluing Theorem (cf. [18]). If PK -domains X1,X2 are glued together
along compact convex sets V1 ⊂ X1,V2 ⊂ X2 by means of an isometry φ, then the space
X1 ∪φ X2 that is the result of the gluing is also a PK -domain.
Remark. When K = 0, the word “compact” may be substituted with “locally compact”
in the formulation of the theorem, since being P0 is essentially a local condition.
For further details and extensive references see [18] or [5].
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3. Finiteness of the number of collision. Geometric model of a combinatorial class of
trajectories
In this section we formulate and prove Theorem 1 along with the Comparison
Lemma 3.1 which is essential for our further analysis. Proofs of these results give
us a chance to demonstrate how a geometric (non-regular Riemannian) model of a
combinatorial class of billiard trajectories may be constructed and how the construction
may be used in the theory of semi-dispersing billiards.
The following statement may seem rather unexpected, but it becomes very transparent
as soon as we construct a metric space where T (X,Y ) is a geodesic.
Lemma 3.1 (Comparison Lemma). Consider an arbitrary semi-dispersing billiard B on a
Riemannian manifold M with walls {Bi}ni=1 ⊂M. Let ∆=min(ρ,1/
√
max{K,0} ). Then
every trajectory T (X,Y ) of the billiard which lies inside some ∆-ball is shorter than every
other curve of the same combinatorial class, provided |T (X,Y )|<∆.
Proof. Given T (X = X0, Y = Xj+1) with collision points X1, . . . ,Xj we construct
certain geodesic space M˜ in the following way: take j + 1 isometric copies Mi, i =
0, . . . , j , of M and, for all i = 0, . . . , j − 1, glue together Mi and Mi+1 by the set Bk,
which contains Xi+1. Notice that by construction, for each j , there is a canonical isometric
embedding Ej :M → M˜, which is an isometry between M and Mj and maps the subsets
Bk in M into the subsets Bk in Mj.
The curve ˜T (X,Y )=⋃ji=0 Ei(XiXi+1) ∈ M˜ is a geodesic in M˜ corresponding to the
trajectory T (X,Y ) in M and it has the same length in M˜ as T (X,Y ) in M.
From now on we will denote the shortest geodesic in M connecting points X and Y by
XY (when it is unique), and its length by |XY |. Denote by Bδ(x) a ball of radius δ centered
at x ∈M.
Let ∆ be as in the formulation of the lemma. Then by a comparison theorem for
manifolds,B∆(x) is a simply-connectedPK -domain. Then, applying j times Reshetnyak’s
gluing Theorem, we see that the ∆-ball BM˜∆ (x) around x in M˜ is also a simply connected
PK -domain. Moreover, since its diameter is less than 2/
√
K, it is in fact RK, and therefore
there is unique geodesic joining any two points of it. By the assumption of the lemma, the
geodesic ˜T (X,Y ) lies inside BM˜∆ (x) and thus is the shortest curve inside M˜ joining its
end points E0(X) and Ej(Y ) in M˜. Consider a curve σ(t) between X and Y of the same
combinatorial class as T (X,Y ). Then the curve σ˜ = ⋃ji=0 Ei(σ [ti , ti+1]) ∈ M˜ has the
same length as σ(t) in M and joins E0(X) and Ej(Y ) (here t0 = 0, tj+1 = 1). Now, since
˜T (X,Y ) is shorter then σ˜ we see that T (X,Y ) is shorter than σ(t). ✷
We are ready to establish finiteness of the number of collisions in a semi-dispersing
billiard.
Theorem 1. For any trajectory of an arbitrary semi-dispersing billiard the number of
collisions during any finite time interval is finite.
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Proof. Assume that a finite length trajectory T has infinitely many collision points that
accumulate to a point q. Without loss of generality we may assume that q belongs to all
the walls (otherwise we consider a billiard system outside of a smaller number of bodies)
and T ⊂ B∆(q). Let xn, n= 1,2, . . . , be the points of collision that converge to q. Clearly
|x1q|< |T |, therefore we can find k such that |x1q|+|qxk|< |T (x1, xk)|which contradicts
the Comparison Lemma 3.1 since T (x1, xk) has only a finite number of collisions. ✷
4. Auxiliary lemma
Before we establish our local estimate on the number of collisions in a semi-dispersing
billiard, we need to prove the following elementary auxiliary lemma.
Lemma 4.1. There exists a constantR(M,c) such that for any A,B ,C, E in a ball U ⊂M
of radius R(M,c) the inequality dist(C,AB)/|CE| c implies
|AE| + |EB| − |AC| − |CB|
|AC| + |CB| − |AB| K(c)= 32(1/c+ 1)
2.
In the case M =Rk one can take R(M,c)=∞, and
K(c)= 16(1/c+ 1)2
Proof. Let D ∈ AB be the point closest to C. We have |ED||CD|  |CD|+|CE||CD|  c1 = 1 + 1/c.
Denote |CD| = d.
First we will prove the lemma for M =Rk.
We will consider two cases. The first case: |AD| > 2c1d and |BD| > 2c1d. Then
D belongs to the interior of AB and thus CD ⊥ AB. Notice that in this case |ED| 
1
2 |AD|, |ED| 12 |BD|.
Note that in every right triangle with sides x, y and hypotenuse z one has y2/(4x) 
z− x  y2/(2x).
Let D1 be a point on the line through A and B such that ED1 ⊥ AB. Then D1 ∈ AB and
|AD1| |AD| − |ED| 12 |AD|, |BD1| 12 |BD|. Thus,
|AE| + |EB| − |AB| = |AE| − |AD1| + |EB| − |BD1|
 |ED1|
2
2|AD1| +
|ED1|2
2|BD1| 
|ED|2
2
(
1
|AD1| +
1
|BD1|
)

c21
2
d2
(
1
|AD1| +
1
|BD1|
)
 c21d2
(
1
|AD| +
1
|BD|
)
.
On the other hand,
|AC| + |CB| − |AB| = |AC| − |AD| + |BC| − |BD|
 d
2
4|AD| +
d2
4|BD| =
d2
4
(
1
|AD| +
1
|BD|
)
.
Therefore,
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|AE| + |EB| − |AC| − |CB|
|AC| + |CB| − |AB| =
(|AE| + |EB| − |AB|)− (|AC| + |CB| − |AB|)
|AC| + |CB| − |AB|
 4c21 − 1= 3+
8
c
+ 4
c2
 16
(
1
c
+ 1
)2
.
Now we consider the second case: |AD|  2c1d or |BD|  2c1d. Then |AE| + |EB| −
|AB| 2|ED| 2c1d,
|AC| + |CB| − |AB| 
√
d2 + |AD|2 +
√
d2 + |BD|2 − |AD| − |BD|
 d
(√
1+
(
min(AD,BD)
|CD|
2)
− min(AD,BD)|CD|
)
 d
(√
1+ 4c21 − 2c1
)
 d
8c1
,
since c1 > 1. Therefore
|AE| + |EB| − |AC| − |CB|
|AC| + |CB| − |AB|  16
c1
c
= 16
c
+ 16
c2
 16
(
1
c
+ 1
)2
Lemma 4.1 is proven for M =Rk.
In order to prove the general case of the lemma, first we notice that (assuming R(M,c),
and thus d and |AB|, are small enough)
|AC| + |CB| − |AB| d2. (1)
Assume that R(M,c) is so small that for all A,B ∈ U and D ∈ AB it is possible to
introduce Fermi coordinates along the geodesic through A and B , defined on the whole U
and with the origin at D.
Let f :U → TDM be the coordinate map. Since the pullback of the Euclidean metric
from TDM coincides with the original metric of M up to the terms of the second order in
dist(·,AB), there exists a constant L such that for any z ∈ U,
1−L(dist(z,AB))2  ∣∣D(f )(z)∣∣ 1+L(dist(z,AB))2.
Let A1,B1,C1,D1,E1 ∈ TDM be the images of A,B,C,D,E under f.
Then, from Eq. (1), it easily follows that
|AE| + |EB| − |AC| − |CB|
|AC| + |CB| − |AB|
 |A1E1| + |E1B1| − |A1C1| − |C1B1| + 4Ld
2R(M,c)
|A1C1| + |C1B1| − |A1B1| − 3Ld2R(M,c)
 2 |A1E1| + |E1B1| − |A1C1| − |C1B1||A1C1| + |C1B1| − |A1B1|  32
(
1
c
+ 1
)2
,
provided that R(M,c) is small enough compared to c and L. This finishes the proof of
Lemma 4.1. ✷
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5. Local estimate on the number of collisions
Everything is ready now for a proof of our main local result, which is the following
theorem.
Theorem 2. Let B be a non-degenerate semi-dispersing billiard in M, with the non-
degeneracy constant C. Then there exists δ = δ(M,C) and P = P(M,C) such that
every billiard trajectory leaves any ball Bδ(x) ⊂M,x ∈M after making no more than
P collisions.
Proof. We may and will assume that Q=⋂ni=1 Bi is non-empty and that x ∈Q. We will
show that the conclusion of Theorem 2 is true for δ =min(∆/2,R(M,C)), where ∆ is as
in Lemma 3.1, R(M,C) is as in Lemma 4.1.
Consider a trajectory T inside Bδ(x). Let us call a triple P = {X1,Z,X2} of points of
the boundary of the billiard table special if
(1) X1,X2 ∈Bi, where i ∈ {1, . . . , n} is such that dist(Z,Q)/dist(Z,Bi) C;
(2) X1 precedes Z on T and X2 follows Z on T .
For a special triple P = {X1,Z,X2} we introduce the following operations with T :
(1) Replace T (X1,X2) by X1E ∪ EX2, where E ∈ Q is the point closest to Z in
Q. In this case we will say that we stretched T with respect to P . We denote
|X1E| + |EX2| − |X1Z| − |ZX2| by S(P).
(2) Replace T (X1,X2) by X1X2. In this case we will say that we contracted (or
reduced) T with respect to P . We denote |X1Z| + |ZX2| − |X1X2| by R(P).
Then by Lemma 4.1 we have S(P)K(1/C)R(P).
Call a piece T (a, b) of trajectory T a full cycle if T intersects all the bodies Bi on it’s
way from a to b.
Two full cycles will be called non-intersecting if they have no common points except
maybe for the end points of the cycles.
Let L= [K(1/C)] + 2 < 32(C + 1)2 + 2 < 32(C + 2)2.
We will show now that a trajectory inside Bδ(x) can not have more than 2L pairwise
non-intersecting full cycles.
Indeed, assume that there are pairwise non-intersecting full cycles Tj , j = {1, . . . ,2L},
numbered according to their order on T . Let T (a1, b1) and T (a2, b2) be two consecutive
full cycles. Set Z = a2. Let i be such that dist(Z,Q)/dist(Z,Bi)  C. Then there
are points X1 ∈ T (a1, b1) and X2 ∈ T (a2, b2) such that X1,X2 ∈ Bi. Hence each two
consecutive full cycles contain a special triple.
Therefore, T contains at least L special triples Pq = {X1,q ,Zq,X2,q}, q = {1, . . . ,L}.
Moreover,Pq ⊂ T2q−1 ∪ T2q.
Consider, S(Pq ) and R(Pq). Let k be such that S(Pk)=minq S(Pq).
Let us stretch T with respect to Pk and contract it with respect to Pq for all q = k.
Denote the resulting curve by T1. Then
|T | − |T1| 
(∑
q =k
R(Pq)
)
− S(Pk)
(∑
q =k
1
K(1/C)
S(Pq)
)
− S(Pk)
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 L− 1
K(1/C)
S(Pk)− S(Pk) > 0.
This contradicts the Comparison Lemma 3.1.
Now, using induction over the number n of walls of the billiard, we show that any piece
of a trajectory that lies inside Bδ(x) makes no more than
Mn =
(
16(C + 2))2(n−1)
collisions (where n is the number of bodies Bi ), and thus prove the theorem.
Assume that for all k < n any trajectory inside Bδ(x), which visits no more than k bodies
Bi, has no more than Mk collisions in Bδ(x). By the inductive assumption every piece of
trajectory with more than Mn−1 collisions contains a full cycle. Therefore, any trajectory
inside Bδ(x) has no more than Mn = 2L(Mn−1+1) 4LMn−1 collisions in Bδ(x). Since,
clearly M1 = 1, we see that Mn  (4L)n−1 < (16(C + 2))2(n−1). ✷
Remark. For billiards in Rk many things simplify significantly. In particular, ∆ =
R(M,C)=∞ and therefore Bδ(x)= Rk. Thus, the estimate on the number of collisions
for such billiards becomes global. Also, the estimate improves a little: Mn = (8(C +
2))2n−2.
As an immediate application of Theorem 2, we obtain the following linear estimate:
Corollary 5.1. For any non-degenerate semi-dispersing billiard there exists a constant P
such that, for every t, every trajectory of the billiard flow makes no more than P(t + 1)
collisions with the boundary in the time interval [0, t].
Let (T1)m be the m-th return map of the billiard flow of a compact billiard to the
“boundary” N = {(x, v) ∈ T˜B | x ∈ ∂B} of the phase space of the billiard flow. Then,
obviously, T t may be represented as a special flow over (T1)m under a function τm :N →
R. To be more precise, τm(X) is equal to the time that passes before the orbit of T t that
starts at X returns to N for the mth time.
A simple application of Corollary 5.1 is the following
Corollary 5.2. For any non-degenerate semi-dispersing billiard and every T > 0 there
exists m ∈N such that T t is a special flow over (T1)m under a function τm, with τm > T .
Indeed, according to the Corollary 5.1 it is enough to take m= [P(T + 1)] + 1.
6. Global uniform estimate on the number of collisions
In the previous section we obtained a local version of the estimates on the number of
collisions for arbitrary manifolds. However, its global analog was in fact established forRk
only (see a remark after the proof of Theorem 2). Indeed, the crucial step in the argument
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was based on Lemma 4.1, which is true for all triangles in Euclidean space and only for
sufficiently small Riemannian triangles.
In this section we develop an alternative approach to the problem of finding global
estimates, which ideologically is strongly motivated by our attempts to construct “universal
unfolding space” for billiards (see [10]).
While from the local point of view all semi-dispersing billiards look alike, there is, of
course, no global estimates on the number of collisions if the billiard table B, for instance,
has finite diameter—then, globally, for every trajectory, the number of collisions is infinite.
Therefore, we will consider only billiards in a “curved angle”, that is, a billiard, such that
an intersection of all its walls is non-empty.
Namely, we prove the following:
Theorem 3. If M is a simply connected manifold of non-positive curvature, B is a non-
degenerate billiard on M with non-degeneracy constant C and
⋂n
i=1Bi is non-empty then
there exists a constant K(C,n)= (200(C+ 2))2n2 such that every billiard trajectory in B
makes no more than K(C,n) collisions in the infinite period of time.
Let M be a space formed by several copies M1,M2, . . . ,Mp of M which are glued
together in a cyclic order along some of the sets Bi, i = 1, . . . , n. To be more precise, M
is such that
(1) for j = 1, . . . , p− 1, Mi is glued with Mi+1;
(2) Mp is glued with M1;
(3) each of gluings is along one of the sets Bi, i = 1, . . . , n.
We will refer to the gluing of Mj and Mj+1 as j th gluing, and we will say that it is of
type i if the gluing is along the body Bi, i = 1, . . . , n.
Let S =Mj(1)∪Mj(2)∪· · ·∪Mj(k), 1 j (1) < j (2) < · · ·< j(k) p, be some subset
of M formed by several of the sets M1, M2, . . . ,Mp. We will say that the collection Mj(1),
Mj(2), . . . ,Mj(k) is disconnected if there exists 1m k such that all n possible types of
gluings appear among the gluings with numbers from j (m) to j (m+ 1)− 1 (in the cyclic
order), where we assume that j (k + 1)= j (1). Then we immediately have the following
Lemma 6.1. If the collection Mj(1),Mj(2), . . . ,Mj(k) is disconnected then
S =Mj(1) ∪Mj(2) ∪ · · · ∪Mj(k)
is a space of non-positive curvature.
Proof. Without loss of generality we may assume that m from the definition of
disconnectedness is equal to k. Then evidently S is a result of gluing together Mj(l)
with Mj(l+1), for l = 1, . . . , k − 1, along the intersection of all bodies Bi, i = 1, . . . , n,
that correspond to the gluings with numbers from j (l) to j (l + 1) − 1. After we have
performed these k − 1 gluings, there is no need to glue together Mj(k) and Mj(1) since,
as the result of the previous gluings the set
⋂n
i=1Bi is already a subset of Mj(k) ∩Mj(1).
Thus, applying k − 1 times Reshetnyak’s gluing Theorem, we see that S is a space of
non-positive curvature. ✷
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Now we will prove Theorem 3 using induction over the number of walls n.
Theorem 3 is trivially true for n= 1. Assume that it is proved for n− 1 bodies. Let us
prove it for n bodies.
According to Theorem 2, for every y ∈M(T ), there exists a neighborhoodUy of y such
that every geodesic triangle ∆ in Uy is contained in a union S of at most 3P(C,n) copies
of M, where the constant P(C,n) depends on the number of walls n and non-degeneracy
constant of the billiard C only. We will show that
K(C,n)
(
3P(C,n)+ 1)(K(C,n− 1)+ 2), (2)
Let T (x0, x1, . . . , xL, xL+1) be a billiard trajectory with starting point x0, end point
xL+1, and the consecutive points of collisions x1, . . . , xL. Assume that L > (3P(C,n)+
1)(K(C,n− 1)+ 2). Let us glue together L copies M1, . . . ,ML of M in a circular order,
so that
(1) for j = 1, . . . ,L− 1, Mj is glued with Mj+1 along that body Bi for which xj ∈Bi;
(2) ML is glued with M1 along that body Bi for which xL ∈ Bi.
Denote the result of the gluings by M(T ).
We will show that M(T ) is an R0-domain. That immediately leads to a contradiction,
since there are now two different geodesics connecting x0 ∈ M1 and xL+1 ∈ M1: the
geodesic in M(T ) corresponding to the trajectory T , and the geodesic in M1 connecting
x0 and xL+1.
Since we assume Theorem 3 to be true for n − 1 bodies, we see that among any
K(C,n − 1) + 1 consecutive collisions of the trajectory T there must be at least one
collision with every one of the bodies Bi, i = 1, . . . , n. Therefore, any collection of no
more than 3P(C,n) copies ofM in M(T ) is disconnected. Thus, by Lemma 6.1, S has non-
positive curvature. Hence, ∆ has non-positive defect, and M(T ) has non-positive curvature
in Uy.
Since, M(T ) is a simply connected space of non-positive curvature, it is also an R0-
domain.
Finally, Eq. (2) and an explicit estimate on the number of collisions obtained in the proof
of Theorem 2 (namely, P(C,n) (16(C + 2))2(n−1)) allows us to estimate K(C,n):
K(C,n) 12P(C,n)K(C,n− 1) (12P(C,n))n < (200(C + 2))2n2 .
Thus, Theorem 3 is proved.
7. Hard ball systems
As an application of Theorem 3, we consider a system of hard balls in an arbitrary
simply connected manifold of non-positive sectional curvature. Thus, we obtain a complete
solution to a problem that has been studied since early 60’s (for the history of the problem,
see Section 1).
Theorem 4. The number of collisions that may occur in a system of N hard elastic balls
(of arbitrary mass and radii) moving freely in a simply connected Riemannian space M
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of non-positive sectional curvature never exceeds (400N2mmax
mmin
)2N
4
, where mmax and mmin
are, correspondingly, the maximal and the minimal masses in the system.
Remark. Analogous result for a system of hard balls in Euclidean space may be
established as a corollary of Theorem 2. However, transition to an arbitrary space of non-
positive curvature is impossible without a global estimate like Theorem 3.
Proof. Consider a system of N balls of radii ri and masses mi, i = 1, . . . ,N , moving
freely in the spaceM and colliding with each other elastically. Without loss of generality
we may assume that mini mi = 1, maxi mi =M. Let ρ be the Riemannian metric onM.
The dynamics of the system of hard balls is isomorphic to the dynamics of a certain
billiard in the configuration space MN (in which every ball is represented by its center)
endowed with a Riemannian metric ρ˜,
ρ˜
(
(x1, . . . , xn), (y1, . . . , yn)
)=( N∑
i=1
miρ(xi, yi)
2
)1/2
.
Notice that, providing that ρ is a metric of non-positive curvature, ρ˜ is a metric of non-
positive curvature as well. The corresponding billiard is defined in the complement B of
N(N−1)
2 bodies Bm,l, each of which represent intersection of a pair of balls. Namely, for
every m, l = 1, . . . ,N,m = l:
Bm,l =
{
(x1, . . . , xN) ∈MN | ρ(xm,xl) rm + rl
}
.
Every such body Bm,l is isometric to a product of MN−2 with a convex set in M2 and,
thus, is convex too.
Now we check the non-degeneracy condition for B.
Fix a set of walls I , and let I0 = {m | (m, l) ∈ I }. Consider an arbitrary point
X0 = (c1, . . . , cN ) ∈ MN ; let δ = max(m,l)∈I ρ˜(X0,Bm,l ). Our goal is to estimate
ρ˜(X0,
⋂
(m,l)∈I Bm,l) via δ.
In order to do that, let us apply the following procedure: pick some m1 ∈ I0 and move
all the balls Bm, m ∈ I0 − {m1}, simultaneously along the geodesics in M, connecting
centers of Bm with the center of Bm1 , until every pair of balls such that (m1,m) ∈ I
intersects (if so happens that in the process center of one of such balls Bm have reached
the center of Bm1 , we stop moving it any further, but continue to move the other balls).
As a result, we obtain certain point X1 ∈MN. Because we never have to move any ball in
M more than by δ, we yield ρ˜(X0,X1) MNδ. On the other hand, since for every two
geodesics γ1, γ2 in the simply connected space M of non-positive curvature the function
ρ(γ1(t), γ2(t)) is convex, distances between any pair of the balls will not increase, so that
still max(m,l)∈I ρ˜(X1,Bm,l) δ.
Next, we apply the same procedure to some m2 ∈ I0 − {m1}, obtaining a point
X2 ∈MN such that ρ˜(X1,X2) MNδ, etc. By the construction, the last point X|I0| ∈⋂
(m,l)∈I Bm,l and ρ˜(X0,X|I0|) 
∑|I0|−1
i=0 ρ˜(Xi,Xi+1) MN2δ. Therefore, it is shown
that non-degeneracy constant of B is less than MN2.
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Applying now Theorem 3, we see that the number of collisions is not greater than
(200MN2 + 2)2N4 < (400MN2)2N4 . ✷
8. Generalized systems
Several generalizations of the results obtained in the paper are possible within the
framework of our method.
For example, in the definition of a semi-dispersing billiard (see Section 2) we may drop
the assumption that a boundary of a wall has codimension one; then the assumption that a
particle never enters an intersection of two walls become superfluous and may be dropped
as well. We will call such systems “generalized semi-dispersing billiards”. However, in this
case one has to give a reasonable definition of an outcome of a collision. Our definition is
based on a fundamental law of physics, the principle of least action.
Definition 8.1. A trajectory of a generalized semi-dispersing billiard B is a continuous
curve x(t) :R→B which is an extremum of the action
t2∫
t1
(
x˙(t), x˙(t)
)
dt
in the variety of all curves x˜(t) of the same combinatorial class and such that x(t1) =
x˜(t1), x(t2)= x˜(t2).
The following simple lemma shows how to determine possible outcomes of a collision
in a generalized billiard and that the usual semi-dispersing billiard is just a special case of
a generalized one.
Lemma 8.1. Speed of a particle in a generalized semi-dispersing billiard is constant, and
when a particle collides with a wall B0 at a point y, projection of its velocity onto Ty∂B0
is preserved.
In particular, when ∂B0 has codimension one, the lemma implies the usual billiard
motion law, “the angle of incidence is equal to the angle of reflection”.
Proof. Let M be the Riemannian manifold containing the billiard table B and t0 be
the moment of collision of a trajectory x0 with ∂B, i.e., x0(t0) ∈ ∂B. Pick some t1 <
t0 < t2, such that there were no other collisions in the time interval [t1, t2]. Consider a
variation of the curve x0(t) in this time interval, which is, by definition, a smooth family
xα(t) : [t1, t2] → B ⊂M, α ∈ (−ε, ε) such that ddα xα(t1) = ddα xα(t2) = 0, and for every
α ∈ (−ε, ε) there exists tα ∈ (t1, t2), such that xα(tα) ∈ ∂B. Let
I = I (α)=
t2∫
t1
(
x˙α(t), x˙α(t)
)
dt .
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Then one has
0= δI = d
dα
I (α) = 2
(
v− − v+, d
dα
xα(tα)
∣∣∣
α=0
)
− (‖v−‖− ‖v+‖)dtα
dα
∣∣∣
α=0
− 2
t2∫
t1
(
Dx˙0(t)
dt
,
dxα
dα
∣∣∣
α=0
)
dt,
where v± = limt→t0±0 x˙0(t), Ddt = ∇x˙(t ) is the covariant derivative with respect to the
Levi-Civita connection on M. However, the motion in between the collisions is free and
therefore Dx˙0(t)dt = 0 for every t = t0. Thus, we yield
2
(
v− − v+, d
dα
xα(tα)
∣∣∣
α=0
)
− (‖v−‖− ‖v+‖)dtα
dα
∣∣∣
α=0 = 0.
Obviously, dxα(tα)dα |α=0 ∈ Tx0(t0)∂B (since xα(tα) ∈ ∂B). On the other hand, for every
w ∈ Tx0(t0)∂B, one can find a variation {xα(t)}α∈(−ε,ε) such that dxα(tα)dα |α=0 = w. Then
(v− − v+,w)= 0 for every w ∈ Tx0(t0)∂B, which exactly means that the projection of the
particle’s velocity onto ∂B is preserved. Finally, taking a variation such that dtαdα |α=0 = 0,
we see that ‖v−‖ = ‖v+‖, and the lemma is proved. ✷
With this definition of the law of motion, the proofs of Theorems 2 and 3 may be
repeated word-by-word for generalized semi-dispersing billiards (the explicit estimates on
the number of collisions remain the same).
Consider now a mixed system of N hard balls of arbitrary radii and particles (balls of
zero radii) with arbitrary masses mmin = m1  · · ·  mN = mmax and velocities moving
inside an empty simply connected Riemannian manifold M of non-positive curvature.
Denote coordinates of the centers of the balls via xi(t) ∈M, i = 1, . . . ,N . In this mixed
system, we allow multiple collisions of any subset of balls. Again, we need to describe
the law of motion and again we do it assuming only the fundamental law of mechanics,
the principle of least action. Namely, for every t1, t2 ∈ R the motion is an extremum
x(t) = (xi(t))Ni=1 ∈MN (among all the virtual motions x˜i(t), i = 1, . . . ,N , such that
x˜i(t1) = xi(t1), x˜i(t2) = xi(t2), that experience the same sequence of collisions) of the
functional
I (x)=
t2∫
t1
K
(
x˙(t), x˙(t)
)
dt
where, as usual, K(· , ·) is the kinetic energy of the system,
K(x,y)=
N∑
i=1
mi(x˙i, y˙i)
2
dt,
for every x, y ∈ TMN .
Notice that, in particular, collision of two balls (or a ball with a particle) is well-
determined and it is indeed an elastic collision. For, the system is symmetric with respect
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to the time shifts, space shifts and rotations around the center of the collision. This implies
preservation of energy, momentum and angular momentum, which makes the system
completely integrable. For a system of two or more particles an outcome of a collision
is not completely determined, but by the same token one obtains preservation of energy
and momentum in the collision. Therefore, for particles, the definition of an outcome of a
collision in a mixed system is the usual one (see, for example, [13]).
Since the motion law in a mixed system automatically makes its configuration space a
generalized semi-dispersing billiard in a simply connected Riemannian manifoldMN with
a metric of non-positive curvature (the kinetic energy metric) generated by the action, we
obtain the following statement generalizing Theorem 4 as well as the main results of [13]
and [20]:
Theorem 5. The maximal number of collisions that may occur in a mixed system of N
balls and particles (of arbitrary mass and radii) moving freely in a simply connected
Riemannian spaceM of non-positive sectional curvature never exceeds (400N2mmax
mmin
)2N
4
,
where mmax and mmin are, correspondingly, the maximal and the minimal masses in the
system.
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